I. INTRODUCTION T HE PURPOSE of this paper is to present a nonlinear circuit model for IMPAT'T diodes (an acronym for IMpact Avalance Transit-Time). These semiconductor devices exhibit dynamic negative resistance at microwave frequencies and are utilized in microwave oscillators and amplifiers.
A device circuit model is useful to circuit-oriented engineers who wish to understand the device's behavior in Manuscript received September 7, 1977; revised December 13, 1977. This work was supported in part by the Office of Naval Research Contract NOOOM-76-0572, the National Science Foundation Grant ENG 77-22745, and terms of an equivalent circuit. It is essential to obtain a circuit model for a device-if one wishes to utilize a circuit analysis computer program to analyze a network containing the device. The IMPAT'T diode nonlinear circuit model given in this paper is an improvement over those given previously in the literature [ 1]-[3] since each element in our basic model has a simple interpretation in terms of a physical operating mechanism inside the device.' In its most simplified form, our model clearly illustrates the qualitative behavior of the device. Furthermore, our model includes second-order effects heretofore neglected in other circuit models. These include effects due to unequal hole and electron ionization rates, unequal hole and electron drift velocities, and carrier diffusion.
Our circuit model contains linear and nonlinear lumped elements, as well as linear distributed elements. The avalanche region model is based on the analysis of Kuvis and Lee [4]- [7] , which can be viewed as a more exact version of Read's [8] original analysis. It is composed entirely of lumped elements and contains the only nonlin- 'For comparison, Gupta's [3] model has a negative capacitor, which certainly does not correspond to any physical process occurring in the IMPATT diode.
0098-4094/78/0500-0299$00.75 01978 IEEE earities in the model. The drift region is modeled with linear lumped and distributed elements. Under additional assumptions, our model reduces to one which is mathematically similar to those given previously [l] - [3] . However, there are differences which occur because our model is based on a more exact analysis.
Outlining the paper, in Section II we describe our circuit model in its most general form and discuss its qualitative properties. The quantitative aspects of this model are presented in Sections III and IV, and the evaluation of model parameters is discussed in Section V. After making some simplifying assumptions, we obtain a first-order circuit model which is presented in Section VI.
II. THE GENERAL CIRCUIT MODEL
In this section we present our general circuit model. We describe the qualitative properties of our model and the physical significance of each of its basic elements. To analyze the IMPATT diode, its active portion is divided into two regions. There is a narrow "avalanche region" where the electric field is strong enough to cause carrier multiplication by impact ionization. Adjacent to the avalanche region, on one or both sides, is a longer "drift region."
The circuit model given in this section is based on the following assumptions: a) the diode has a uniform crosssectional area and can be treated as a one-dimensional device; b) the time variations of the physical variables are "slow" compared to the carrier transit time in the avalanche region; c) recombination and thermal generation of carriers is negligible; d) the carriers travel at saturated velocities; and e) the diffusion constants are not functions of any physical variables such as the electric field.* At this point, it is appropriate to define our notation. We use p and n for the hole and electron densities, respectively. The other symbols we use are listed in Nomenclature. We attach the subscript p or n to D, 0, or a to denote the corresponding quantity for holes or electrons, respectively.
In Fig. 1 the general circuit model of a single-drift region (SDR) IMPATT diode is shown. A partial derivation of the model is given in the Appendix; other details are given in Sections III and IV. This paper will deal only with the SDR diode, but as we shall see our model can be extended easily to the double-drift region (DDR) diode.
We shall begin our description of the model by considering the avalanche region. Assumption b) is a key assumption which allows us to use a quasistatic approximation to obtain a nonlinear ordinary differential equation relating 1, to v,. The derivation of this equation is the subject of Section III. Thus our model of the ZOne could use different effective values for the diffusion constants in the avalanche and drift regions, as done by Ku& and Lee [7] . This accounts, in a crude manner, for the variation of the diffusion constants with electric field magnitude. avalanche region consists of two basic elements. There is a lumped, dynamic, nonlinear one-port GJi: through which the particle current 1, flows. In parallel with 97, is a linear capacitor C, through which the displacement current flows. C, is simply the geometrical capacitance of the avalanche region. Fig. 2(a) shows how the nonlinear one-port % can be modeled for simulation on a computer circuit analysis program. The circuit utilizes a linear inductor and a nonlinear controlled voltage source. In Fig. 2 Thus to a first-order approximation, the particle current in the avalanche region behaves as though it were flowing through a nonlinear inductor. Hence, the one-port % in Fig. 1 accounts for the injection delay of the avalanche region particle current. The drift region is modeled as the parallel combination of a linear capacitor C, and a controlled current source Z,. The displacement current can be viewed as flowing through capacitor C,, which is simply the geometrical capacitance of the drift region. Also, with the drift region extending from x = 0 to x = W,, the definition of Z, is (see (A-4)) Z,(t) 2 +-iwd, (x,t) dx. can be modeled using a linear, distributed one-port with current impulse response h( .).
simply the value of the bias current when the bias is derived from a constant current source, which is the usual case. Note that the parameter V0 does not affect the RF performance of the device.
III. DETAILSOETHEAVALANCHE REGIONMODEL In this section we discuss the differential equation for the nonlinear one-port GJL associated with the avalanche region model (see Fig. 1 ). The derivation of this equation is lengthy and is given elsewhere in the literature [4], [5] , [7] , [9] . There it is shown to have the form 47 Zaw+zo
It is evident that Z, is simply the spatial average of the particle current in the drift region. By assumption b), the particle current injected into the drift region is approximately Z,. Thus under the listed assumptions it turns out that Z, is the convolution of Z,(a) with a function h(e) which is given by
This is shown in Section IV. Hence, if we can synthesize a linear, distributed one-port with a current impulse response h ( * ), then we can model the drift region as shown in Fig. 3 . In the limit of small diffusion effects, it is shown in Section IV that Z, is essentially a short-time averager. Thus the controlled current source Z, in Fig. 1 accounts for the drift delay which arises as the particle current flows through the drift region.
(4) where W is the width of the high-field intrinsic region. With the electric field independent of x, it turns out that P(K/a)--l (5) and the expressions for (7)-l and (MT)-' are At this point it is appropriate to note that a DDR diode can be modeled by simply adding the equivalent circuit of the second drift region in series.
The constant sources I, and V,, are the terminal current and voltage, respectively, under static conditions. I0 is where M(o), K(.), r(e), q(e), and p( .) are nonlinear functions of Va.3 To obtain these functions it is necessary to know the doping profile in the avalanche region. In general, these functions must be evaluated numerically. Decker [lo] has developed an elegant formal treatment of this differential equation for arbitrary doping profiles. However, his treatment ignores the term in (3) involving q( V,) and it also ignores carrier diffusion.
We shall now consider the special case of a p-i-n doping profile at low current density. Most analyses are based on this assumption, and it is important here because closedform expressions can be obtained for the nonlinear functions appearing in (3). In this case, the electric field used in evaluating the ionization integrals is independent of the spatial variable x and is given by ON CIRCUITS AND SYSTEMS, VOL. ~~-25, NO. 5, MAY 1978 where r A Z,/Z,,
z 4 an-ap.
(9
In the limit as z+O, which corresponds to the low-field limit or the case of equal ionization rates, (r)-' becomes Using (7) and (lo), it can be seen that for the case of equal ionization rates 1 -M ,.,,,=,=l-war.
The expression for K in the p-i-n case with unequal ionization rates is very lengthy and can be found elsewhere in the literature [4], [5] , [7] , [9] . However, we note that K can be divided into two terms as follows:
K=Kdr+Kdiff (12) where ads is independent of diffusion and ~~~~ goes to zero in the absence of diffusion. For the case of equal ionization rates, it turns out that both ~~~ and ~~~~ are independent of the electric field (i.e., independent of V,) and are given by4
To get, an idea of the magnitudes of these quantities, suppose that the material is silicon with u, = uP = 10' cm/s, On=39 cm*/s, Dp= 16 cm2/s, and W=6.9. lo-' cm. These parameter values give Kdrl = 0.67, KWan_. = 0.079. %-L2p P It can be seen that with the assumed low-field values for the diffusion constants, the diffusion correction to K is small, around 10 percent.
The expression for v in the p-i-n case with unequal ionization rates is lengthy and is given elsewhere in the 41n (14) we have corrected what appears to be a typographical error in the work of Kuvis and Lee [4], [7] . Their expression for ~~~~ is smaller by a factor of f.
literature [4] , [5] , [9] . For the case of equal ionization rates, it turns out that
Although we did not show it explicitly, the expressions given in (6), (7), and (11) are functions of the avalanche region variational voltage V,. This arises because o$ and 4, and hence z, are functions of the electric field, which is a function of V, by (4).
Once the material parameters are specified, then for a p-i-n avalanche region the functions Mr, K, and 17 are parametrized by W. Also, the function r is parametrized by W and r L Z,/Z,,. Hence, for a given material one could build up a library of these curves, parametrized by W and r. Note that in order to completely specify the circuit model for the p-i-n avalanche region, the parameters A and Z, are also needed. The evaluation of model parameters is discussed in Section V.
For a p-i-n avalanche region, the static field EC is determined by W as follows. From (1 1), the static multiplication factor for the case of equal ionization rates is (1-Wa(E,))-', thus 1-Wa(Ec)=Zs/Zo. (16) For all practical purposes this may be replaced by the condition that the multiplication factor goes to infinity, i.e., 1-Wfx(EJ=O.
For the case of unequal ionization rates, the condition for an infinite multiplication factor is seen from (7) to be
IV. A DERIVATION OF THE DRIFT REGION MODEL In this section we derive and discuss our drift region model. Recall from assumption d) that the carrier velocities are assumed to be saturated. This implies that the diode remains "punched through" for the entire RF cycle.
Consider a p-type drift region extending from x =0 to x= W,, with holes injected from the avalanche region at x =O. Note that in a p-type drift region the electron current is spatially and temporally constant with value Z,. Thus the total particle current is Zo(x, t)= Z,(x, t)+ Z,, where Z,(x, t) is the hole current. 
It can be shown that in an n-type drift region, the electron current Z,, satisfies an equation similar to (23) with up and Dp replaced by v,, and D,,, respectively. Now consider the boundary conditions. It is assumed that the injected particle current IA(*) satisfies Z,(t)= IO for t < 0. Thus for t < 0 the drift region is in a steady state and the boundary conditions are 1, (x, t) = 10 -z,, for t < 0 (24) zp(O,t)=zA(t)-zm.
(25) It is convenient to rewrite (23), (24), and (25) 
where I,( *) is continuous and Z,(t) = 0, for t d 0. We set u = up and D = Dp for a p-type drift region; for an n-type drift region we set n = u,, and D = D,,.To obtain a solution to (26), (27), and (28) we define a function g : R '+R as follows:
Then the desired solution to the above problem is
Recall the definition of,Z, (see (A-4)):
Thus we can see that in the limit of no diffusion, Z, becomes a short-time averuger. In Section VI we shall show how (37) can be realized using controlled sources and a lossless, nondispersive transmission line. We shall not attempt to provide a circuit model for the drift region in the case of nonzero diffusion. However, we have given two examples of h(e) for the case of nonzero (31) If we substitute (30) into (31) and interchange the order of integration (this can be rigorously justified), we obtain the It is clear from (35) that H (-) cannot be-the impedance of a (linear) lumped network. This justifies our statment in. connection with Fig. 3 A graph is shown in Fig. 4(a) . For this case, the controlled current source Z, becomes
5Recall that krf (y) 0 2/G gem' do. Note that erf (e) is an odd function, i.e., erf (-y)= -erf . V. THE EVALUATION OF THE MODEL PARAMETERS In this section we will discuss the evaluation of the model parameters. The parameters IO and V, were discussed in Section II and will not be considered further. As in all IMPATT circuit models, we have assumed a uniform cross-sectional area A. The proper value to use for A must be obtained or estimated from information supplied by the manufacturer. Once the material is specified and A is known, our model of the avalanche region depends upon the doping profile and three parameters: the width L, r 4 Z,,/Z,,, and Z, A Zi + Zps. Similarly, our model of the drift region is characterized by the single parameter wd-
The total depletion layer capacitance, C, = ul /(L + W,), can be measured as described by Dunn The standard method of measuring the reverse saturation current Z, is to measure the diode current when it is biased below breakdown. As discussed by Schroeder and Haddad [ 151, this does not always give the correct effective value of Z, to use in (3). Effects such as impact ionization in the drift region under large signal conditions [16] and minority carrier storage [17] can increase the effective value of Z,. The ratio r' 2 Z,/Z,, can be estimated from standard p-n junction theory. Note that only the functions p and Z,/(KT) require the two parameters Z, and r, and usually these functions have only a small effect on the differential equation describing the nonlinear one-port 92.
An approximate but more practical.method for utilizing our model is to treat the avalanche region as though it has a p-i-n doping profile and use the expressions described in Section III. This requires the choice of an "effective value" for the parameter W. Recall that once the parameters Z, and r are fixed (usually, these parameters have only a small effect) the response of the one-port 9L is characterized by W for the p-i-n case. Thus for each value of W the small-signal admittance of our model can be obtained.6 By comparing these curves with the measured small-signal admittance, an effective value of W can be chosen. This is essentially the method used by Schroeder and Haddad [ 151. Finally, we note that our model is valid only for the active region of the IMPATT diode. In any actual computer simulation, circuit elements accounting for series resistance and package parasitics must be added.
VI. A FIRST-ORDER NONLINEAR CIRCUIT MODEL
In this section we shall present a first-order nonlinear circuit model. Mathematically, our model is similar to (but not exactly the same as) those given by Quang [ 11, [2] and Gupta [3] . It is based on the following assumptions which are in addition to those given previously: i) the avalanche region has a p-i-n doping profile and is biased at a low current density; ii) the ionization rates are the same for holes and electrons, i.e., a,, = $ = a; iii) carrier diffusion effects are negligible. Under these conditions, the expressions given in Section III apply. Thus n( QEO (see (15)) and K( .) and r( 0) are constants, which we shall denote by K~ and TV, respectively. From (10) and (13) 
Equation (39) is basically the same as Read's [8] equation for the avalanche particle current except for the generalization'to unequal carrier drift velocities and the inclusion of the constant K,, which is a correction for space-charge effects. We can rewrite (39) as follows:
' e(v,)=n,~~$[ln(r,+*o)]-~.
(41) II 0 Expanding IL(.) in a Taylor series and retaining terms up to the.second order, we have
We have retained the second-order term in (42) since Brackett [ 181 has shown that this term is responsible for a low.-frequency negative resistance which arises ,when the IMPA?T' diode is used as an oscillator. This lowfrequency negative resistance can cause bias circuit oscillations and other problems. Substituting (42) into (41) and recalling that 1 -Wa(E,)= Is/Z0 (see (16)) we obtain the following result:
The terms on the right-hand side of (43) can be inter- Recall that we are ignoring diffusion effects, so the controlled current source Z, is described by (37). The nonlinear circuit model based on (37) and (43) is shown in Fig. 5 . In Fig. 5 it is shown how the controlled current source Z, can be realized using controlled sources and a lossless, nondispersive transmission line having a characteristic impedance 2, and a delay of rJ2. To see that the given circuit does in fact realize Z,, note the current I, at the input to the transmission line has a forward component and a reflected component which is totally absorbed in the two-terminal lumped impedance Z,, thus sion lines in the modeling of transit-time devices was I suggested by Quang [ 11, [2], [ 191. We shall calculate the, parameters associated with the model, in Fig. 5 for. a GaAs Read diode described by Schroeder and Haddad [15, p. 175, Fig. 26, diode 31 . For this device, V, 7 56 V, Z, = 500 A/cm*, and they assumed Z, = 10m4 A/cm?. Schroeder and Haddad determined an effective avalanche region width of W=O.21. pm out of a total depletion layer width of 3 ,um. Using their data, we" calculate the following: rd = 3.49. lo-" s, C, = 46.0 pF/cm*, C,=3.46 pF/cm*, ~~7,/a'(E,)=2.94.10-'* V-s, Z,/a'(E,)=3.36+10Y4, A-V, and a"(E,)/(2Wa'(E,))= Finally, in the small-signal limit our avalanche region model reduces-to the circuit shown in Fig. 6(a) . In Fig.  6(b) is shown the model of Hulin, Claassen, and Har'th [20] which is based on a more exact, nonquasistatic, small-signal analysis. For the case of equal ionization rates, both models are identical except for a parallel negative resistance in Hulin's model which is proportional to the inverse of the dc bias current. Recall; however, that our model was derived assuming a "small" dc bias current. Thus we have shown that our model is consistent with the more exact small-signal model of Hulin.
VII. GENERAL COWNTS AND S-Y
In this paper, we have shown how the transport equations for an IMPATT diode can be written in such a way as to produce a topologically simple circuit model where each element corresponds to some physical operating mechanism inside the device. Our model of the avalanche region is based on the quasistatic analysis of Kuvls and Lee [4] , [5] , [6] , [7] , and includes the effects of unequal ionization rates, unequal carrier drift velocities, and carrier diffusion. Also, we have shown how diffusion effects in the drift region can be included in the model. These features have not been available in previous circuit models. The model given here is as accurate as solving the basic partial differential equations subject to the listed assumptions. Since our model is based on the assumption of saturated carrier velocities, it cannot simulate the effects of carrier velocity modulation or depletion layer modulation. Thus for example, it cannot simulate the "premature collection mode" described by Kuvas and Schroeder [2 11.
The qualitative properties of our circuit model can be summarized as follows. The basic RF portion consists of only four elements: two linear capacitors, the lumped one-port %, and the controlled current source I,. As described in Section II, the linear capacitors account for the flow of displacement current. Also, it was shown that the one-port 3. is essentially a nonlinear inductor and the controlled current source I, is essentially a short-time averager. These two elements in the circuit model account for the particle current injection delay and drift delay, respectively.
APPENDIX TOPOLOGY OF THE GENERAL CIRCUIT MODEL
In this appendix we derive the topology of the circuit model shown in Fig. 1 . The circuit model shown in Fig. 1 consists of an avalanche region model in series with a drift region model.' This topology corresponds with the physical structure of the device and arises from the way we have written the IMPATT diode circuit equations. Although the equations given here are rather obvious, we feel that it is necessary to present a derivation since this form has been largely overlooked by previous authors. Symbols which are not defined here are defined in Nomenclature.
Consider first the drift region which extends from x = 0 to x= W,. The total current I at each point, which is the sum of the particle current and the displacement current, is independent of x and is given by aE, (x,t) . z(t)=zD(X,t)+d at .
If (A-1) is integrated from x = 0 to x = W,, we have
Observing that the total drift region voltage is 
